Member DC-DC quasi-resonant converters (QRCs) have a highly nonlinear and time-varying behavior as well as other types of DC-DC resonant converters such as conventional and multi-resonant converters. Changing in operating conditions, mainly due to variation in load and line disturbance, leads to significant changes on system dynamics so that desired performance and even stability are lost. Taking into consideration the uprising need for high-quality resonant power converters has opened a new research window on the control of these systems using modern and systematic approaches.
Introduction
The resonant converters use a resonant circuit for switching the transistors when they are at the zero current or zero voltage point; this reduces the stress on the switching transistors and the radio interference. Due to their reduced switching losses, the resonant converters are currently the object with widespread interests among power conversion applications. This removes 30 to 40 percent of the losses within a comparable conventional switching converter when operated at the same frequency (1) . Recently, a new family of resonant converter, known as Quasi-Resonant Converters (QRCs), has been proposed and attracted much attention. The concept of QRCs was first introduced by F.C. Lee and his collaborators in the mid 1980's (2) (3) . QRCs can be considered as a hybrid of resonant and PWM converters. The underlying principle is to replace a power switch in PWM converters with the resonant switch. PWM-based DC-DC switching converters have a better known structure but use a hard switching method where power devices switch at large values of current or voltage that causes switching losses, radio frequency interference (RFI) and electromagnetic interference at high frequency.
Hard switching refers to the stressful switching behavior of the power electronic devices. On the other hand, resonant converters use a soft switching method where power devices switch at either zero voltage or zero current. QRCs combine the advantages of conventional PWM converters and resonant converters. In QRCs, the switch current or voltage waveforms are forced to oscillate in a quasi-sinusoidal manner, so that Zero Current Switching (ZCS) or Zero Voltage Switching (ZVS) can be achieved (4) . Practical, commercially available QRCs are emerging in the market place today, but the field of resonant structures and its controller is still very much in a state of change. New demands placed on the designers and component manufacturers at these higher frequencies are resulting in improved modeling and control of the converters.
The analysis and controller design for resonant converters, compared to other conventional topologies is difficult. The difficulties in controller design arise from knowing which topologies can offer an optimum solution to the requirements, knowing what reasonable assumptions can be made during the design process, understanding the high frequency behavior of the elements within the design and lack of a suitable dynamics modeling and control strategies because of complexity of their circuits (5) (6) .
Recently, in order to overcome the analysis, modeling and control problems of QRCs some works have been reported (7) (15) . (7)∼ (9) have developed the small signal model of QRCs using various averaging techniques. (10) introduced the generalized state space averaging technique for modeling the QRCs. The small signal analysis and control of QRCs is given in (11) , (12) . The nonlinear control of a ZCS QRC using the Lyapunov stability theory is presented in (13) . A passivity-based controller for stabilization of QRCs is used in (14) .
But the most of control scenarios are concerned mainly with stability only, without considering simultaneous robust stability and robust performance. Some of past controllers for QRCs were designed to keep the output voltage constant in the presence of input perturbations. However load variation, voltage reference change and practical constraint on control action signal were not considered in these controllers.
Traditionally, the feedback design of resonant converters is carried out using classical control theory where uncertainties and physical constraint are not taken into consideration at the initial design stage. In the best classic methods, subsequent testing of the preliminary design, for example by experimentally or trial and error approach, may lead to design iterations where robustness to small range of uncertainties may be achieved.
This paper addresses the design of robust controller for DC-DC QRCs operating at continuous conduction mode, based on µ-synthesis technique. Using the µ-synthesis is already reported to design of controller for other switching converters' topologies (5) (6) (16) (17) . This paper shows that the µ-synthesis can be used for design of DC-DC QRCs controller that guarantees robust stability and robust performance for a wide range of operating conditions.
Our design objective is to robustly output voltage reference tracking in the presence of load uncertainty, while keeping small control actions and short settling time. In order to illustration of proposed methodology and as an example we will design a controller for a typical DC-DC ZCS QRC. It will be shown that the desired performance and physical limit on control action are easily taken into account by introducing appropriate weighting functions (as fictitious uncertainties) in synthesis procedure. The inclusion of these uncertainties is adequately allowed for maximum flexibility in designing controller. The preliminary results of this work are published in (18)∼ (20) . This paper is organized as follows. Section 2 describes the proposed strategy. In section 3, the synthesis method is applied to a typical DC-DC ZCS QRC. Section 4 demonstrates the effectiveness of proposed scheme by some simulation results by using the obtained controller to nonlinear model.
Proposed Strategy
We proceed to design a robust controller using the µ-synthesis approach. In this paper, our main focus is concentrated on robust performance e.g. minimize the effects of the line disturbances, desired reference tracking and holding stability in presence of load variation. Under steady-state conditions it can be shown that for a QRC operating in the continuous condition mode, depending on possible combination status of circuit's switches (transistor and diode), there are four operation modes in each switching period (4) . The generalized averaging technique gives a set of ac small-signal state equations. Using the Laplace transform, we can get the control-to-output G 1 (s) and the input-to-output G 2 (s) transfer functions of QRC, and hence a simple linear open-loop model for a given QRC can be obtained as, (10) :
Where G 1 (s) and G 2 (s) are the linear nominal transfer functions from control input (u) and line voltage (v i ) to output voltage (v o ) respectively. Fig. 1 shows the block diagram realization of equation (1) . Actually, resonant converters have a highly nonlinear and time-varying behavior; however a simplified and linearized model is usually used for linear controller design. The error caused by the simplification and linearization can be considered in robust control strategies (such as µ-synthesis).
Voltage regulation in many resonant-type converters, such as QRCs, can be achieved by controlling the switching frequency. The ZCS QRCs require controlled switchoff times (constant on-time). In fact, on-time duration (t on ) is determined by the parameters of the resonant elements, and hence t on is constant and uncontrollable, the duty ratio and output voltage are controlled by changing the off-time duration (t off ). There is a duality relationship between ZCS and ZVS QRCs (7) . Therefore the ZVS QRCs require controlled switch-on times (constant off-time). Without less of generality, we can consider the control diagram as shown in Fig. 2 . To achieve the desired control performance and according to µ-synthesis requirements we can redraw the block diagram in Fig. 2 and propose the closed-loop interconnection system as shown in Fig. 3 . In fact this figure shows the main framework and synthesis strategy for obtaining desired controller.
It is notable that in the model of resonant converter there are several uncertainties because of parameter variations, model linearization and unmodeled dynamics to due some approximations. However to keep the complexity of the controllers reasonably low, our focus in this paper is concentrated on load uncertainty, which is more narrow but the most important source of uncertainty in QRCs (18) . This uncertainty in Fig. 3 is modeled as an unstructured multiplicative uncertainty. W u1 and W u2 represent the fixed weighting functions containing all the information available about the load variation correspond to G 1 (s) and G 2 (s), respectively. ∆u 1 and ∆u 2 are uncertainty blocks associated with W u1 and W u2 .
It can be shown that in full-wave ZCS and ZVS QRCs, the voltage conversion ratio (v o /v i ) is insensitive to load variation, while in half-wave QRCs, this parameter is sensitive to the load variation (4) . That is why, the load uncertainty (W u2 ) associated to G 2 (s) is shown by dotline, and it can be removed from above block diagram in case of full-wave QRCs.
Consider the generalized system interconnection shown in Fig. 4 . M is a stable transfer function matrix (consisting of nominal converter, controller K(s), W u1 and W u2 ) and ∆u includes ∆u 1 and ∆u 2 . As shown in (21) , the necessary and sufficient condition for robust stability of the interconnected system for all perturbations ∆u ∞ ≤ 1 is that
Robust performance can be addressed by recasting the problem in to an augmented robust stability problem by introducing an addition fictitious perturbation block ∆p, that for our problem it consists ∆p 1 and ∆p 2 . It can be shown (the main loop theorem in (22) ) that robust performance is achieved if and only if
where ∆ = diag{∆u, ∆p} contains now both the uncertainty and the performance blocks.
According to requirement performance and practical constraint on control action, two fictitious uncertainties W P 1 and W P 2 are added to resonant model. The W P 1 on the control input sets a limit on the allowed control signal to penalize fast change and large overshoot in the control action. This is necessary in order to guarantee implement ability of the resulting controller. The weight W P 2 at the output sets the performance goal e.t. tracking/regulation on the output voltage signal. Further more, it is notable that in order to reject disturbances and to good tracking property, W P 1 and W P 2 must be such select that singular value of sensitivity transfer function from control input to output voltage be reduced at low frequencies (6) (23) . ∆p 1 and ∆p 2 are uncertainty blocks associated with W P 1 and W P 2 respectively. The synthesis starts with setting the desired level of stability and performance and chosen uncertainties to achieve robust performance. In order to maintain adequate performance in the face of load variation and disturbances, the appropriate weighting functions must be used. Actually the inclusion of uncertainties is adequately allow for maximum flexibility in designing the converter closed loop characteristics and the demands placed on the controller will increase.
We can redraw the Fig. 3 as a standard M -configuration to concluding robust stability (Fig. 4) and robust performance, which is shown in Fig. 5 . G includes the nominal model of converter, associated weighting functions and scaling factors. The block labeled M , consists of G and controller K. Now, the synthesis problem is designing the robust controller K. Based on the µ-synthesis, the robust stability and performance holds for a given M -configuration (Fig. 5) , if and only if
Using the performance robustness condition and the well-known upper bound for µ, the robust synthesis problem reduces to determine
by iteratively solving for D and K (D-K iteration algorithm). Here, D is any positive definite symmetric matrix with appropriate dimension andσ(.) denotes the maximum singular value of a matrix. For deeper insights into the theory, the interested reader is referred to (21) , (22), (24) . The controller found by this procedure is typically of Fig. 5 . M -configuration a high order. In order to decrease the complexity of computation, appropriated model reduction techniques might be applied to the obtained controller model. The proposed strategy guarantees the robust performance and robust stability for closed-loop system. In summary, the proposed method consists of the following steps:
Step 1 : Calculating the G 1 (s) and G 2 (s) from linear model of given QRC, according to equation (1).
Step 2 : Identify the uncertainty blocks and associated weighting functions for the given QRC, according to dynamic model, practical limits and performance requirements, as shown in Fig. 3 .
Step 3 : Isolate the uncertainties from nominal model, generate ∆p 1 , ∆p 2 , ∆u 1 and ∆u 2 blocks; and performing M -feedback configuration (formulate the robust stability and performance).
Step 4 : Start the D-K iteration using µ-synthesis toolbox to obtain the optimal controller.
Step 5 : Reduce the order of result controller by utilizing the standard model reduction techniques and apply µ-analysis to closed loop system with reduced controller to check whether or not upper bound of µ remains less than one.
It is notable that there isn't any obligate to consider three weighting function, only. Considering the more complete model for the QRC (by including additional performance requirements and other components uncertainties) causes less conservative in synthesis. However the complexity of computations and the order of resulted controller will increase.
Applied to a ZCS Converter
The controller design approach presented in the previous section is now applied to a DC-DC full-wave buck ZCS QRC as illustrated in Fig. 6(a) . Reference (13) has proposed the nonlinear controller for the same circuit. For this converter, it is assumed the resonant frequency is equal to
and other parameters are chosen as Table 1 , (13) .
Dynamical Model
For the ZCS-QRC circuit shown in Fig. 6(a) , its four operation modes are shown in Fig. 6(b) . In this circuit, controlling the duty ratio regulates the output voltage at the load terminal. The switch S is open and close with the switching fre- It is notable that in resonant converters, the frequency is controlled to regulate the output voltage, that is, pulse frequency modulation is used. The t on duration is uncontrollable; it is determined by the components of resonant switch (C 1 , L 1 ). Therefore the duty ratio and output voltage are controlled by changing the t off duration.
A set of highly coupled differential equations, to model the resonant converter dynamics, is found as 
Due to the multiplication of the state variables v C1 , v C , i L1 , i L , i o by the duty ratio d, nonlinear mathematical model is resulted. The linear state space realization of our example based on nonlinear equation (6) is given by:
where,
and,
where u 0 and x i0 , i = 1, 2, · · · , 5 are nominal values of control action and state variables.
Controller Design
For the given converter, we have set our objectives as follow: 1-Holding stability in presence of load variation between 1 Ω and 10 Ω; 1 Ω ≤ r o ≤ 10 Ω. Using linearized model (7), G 1 (s)and G 2 (s) in Fig. 2 can be easily calculated.
According to Fig. 3 , now we must choose necessary uncertainty blocks and associated weighting functions. As it is mentioned in section 2, the load variation is a one of main sources for uncertainties. We can consider this kind of uncertainty in full-wave ZCS QRC as a multiplicative uncertainty (W u = W u1 ) associated with G 1 (s). LetĜ(s) includes G 1 (s) and related multiplicative uncertainty. Then the multiplicative uncertainty can be expressed as
Some sample uncertainties for different load are shown in Fig. 7 .
In order to reduce the complexity of the controller, we will cover all multiplicative uncertainties due to load changes from 1 Ω to 10 Ω with the following first order weight: 
The robust controller K(s) must be computed to meet design objectives. An important issue in regard to selection of the weights is the degree to which they can guarantee the satisfaction of design objectives. For the problem at hand a suitable set of performance weighting functions is:
W P 1 and W P 2 , are associated with the control effort and tracking/regulation error, respectively. The selection of W P 1 and W P 2 entails a trade off among different performance requirements, particularly good regulation versus peak control action. The weight on the control input W P 1 was chosen close to a differentiator to penalize fast change and large overshoot in the control input (25) . The weight on the error (W P 2 ) was chosen close to an integrator at low frequencies in order to get zero steadystate error and good tracking.
Finally, we know that to reject disturbances and to track command signal property, it is required that singular value of sensitivity function be reduced at low frequencies, W P 1 and W P 2 be such select that this condition satisfied. More details on how these weighting functions are chosen, is given in (18), (23) . Fig. 8 shows the magnitude Bode plot of the weighting functions W u and inverse of W P 1 , W P 2 .
Our next task is to isolate the uncertainties from the nominal plant model and redraw the system in the standard M -∆ configuration. We can redraw the Fig. 5 as shown in Fig. 9 . As it is mentioned above, the blocks ∆p 1 and ∆p 2 are the fictitious uncertainties added to assure robust performance, while the block ∆u models the multiplicative uncertainty due to load variation. By using the uncertainty description and performance weights developed in previous section, we get an uncertainty structure ∆ with a scalar block (corresponding to the uncertainty) and a 2 × 2 block (corresponding to the performance). Having setup our robust synthesis problem in terms of the standard µ-theory, we used the µ-analysis and synthesis toolbox (26) , to obtain a solution.
The controller K(s) is found at the end of the fourth D-K iteration yielding the value of about 0.9875 on (Fig. 10) . The order of result controller is 13. The controller is reduced to a 6-th order controller using the Hankel Nom reduction with no performance degradation. The transfer function of the reduced order controller is given as:
Where, The bode plots of result controller are shown in Fig. 11 .
Simulation Results
Nonlinear simulation is proposed using nonlinear model of given ZCS converter. Figs. 12 to 16 were obtained from simulation to demonstrate the effectiveness of the proposed design. Fig. 12 depicts the waveform for the output voltage. In particular, for the nominal load resistance, we assigned the following reference voltage:
From this figure, it is evident that the tracking error decays to zero; that is, the output voltage converges to the reference one with about 3.75 ms settling time and acceptable overshoot. Fig. 13 , shows the corresponded control action signal. These figures show that the proposed controller achieves robust performance in against of reference voltage changing. However a performance variation (an overshoot) in start-up time is also observed. The proposed method permits us to decrease the overshoot voltage by retuning the performance weights; but it causes a higher order controller. For example, it can be shown that using the following weighting functions, gives about 2% overshoot: But in this case the order of resulted controller (after reduction) will be 10 (and settling time from 3.75 ms will increase to 9.6 ms). Hence, the proposed design in section 2 provides a good tradeoff between the specified objectives and complexity of controller.
The analysis of output voltage dynamics in Figs. 12 and 14 shows that the achieved settling time (3.75 ms) is significantly reduced in comparison of given results in (13) (7 ms and 5.2 ms corresponding to the proposed nonlinear controllers). Converters need to be operated over a wide load range.
It is known that the behavior of resonant converters is highly dependent upon the load conditions. Fig. 15 The problem of disturbance attenuation was taken into account in the control design. In particular, control laws have been synthesized to guarantee the distur- 
Conclusions
In this paper, we have addressed and solved the problem of designing of robust controller for DC-DC QRCs. For this purpose a general synthesis frame work based on µ-synthesis was proposed. Design strategy includes enough flexibility to setting the desired level of stability and performance, and, considering the practical constraint by introducing appropriate uncertainties.
The proposed method was applied to a DC-DC ZCS converter. Simulation results by using the obtained controller to nonlinear model of converter demonstrated the effectiveness of methodology. It was shown that the designed controller is capable to guarantee the robust stability and robust performance such as precise reference tracking and disturbance attenuation under a wide range of reference voltage and load conditions. In summary because of the main following advantages, the proposed control strategy can be chosen as an appropriate control scenario for QRCs:
( 1 ) Possibility of components uncertainty consideration, ( 2 ) Possibility of direct formulation and introduction of performance objectives and physical understanding of QRCs during the design procedure, ( 3 ) Simultaneous achievement to satisfactory stability and performance under a wide range of load variation, ( 4 ) Accurate treatment and less conservative design, because of considering uncertainties in the structured form. The generalization of proposed method to apply for wider range of resonant converters is the next step of this work.
